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Conformational characteristics of polyzwitterionic molecules in aqueous solutions 
are investigated using the variational method. Analytical relations are derived for 
the radius of gyration of a single polyzwitterionic chain as a function of the chain 
length, electrostatic interaction strength, added salt concentration, dipole moment 
and degree of ionization of the zwitterionic monomers. In the absence of the small 
ions (counterions and coions) near the polyzwitterionic chain, attractive dipole-dipole 
interactions are shown to induce a collapse of the polyzwitterionic chain. However, 
in the presence of the small ions, the radius of gyration is shown to be an interplay 
of the screening of the electrostatic interactions and the counterion adsorption on 
the zwitterionic sites. In addition to the well-known Debye-Hiickel screening of the 
charge-charge interactions, screening of the charge-dipole and dipole-dipole interac- 
tions are found to play important roles in determining the size of the chain. Func- 
tional forms for the screened charge-dipole and dipole-dipole interaction potentials 
are presented. Furthermore, counterion adsorption on the zwitterionic monomers 
is predicted to be asymmetric depending on the nature of the added salt and the 
zwitterionic groups. Qualitative remarks regarding the solubility of these molecules 
in aqueous solutions along with the classical "anti-polyelectrolyte" effect (increase 
in the solubility in water with the addition of salt) are presented. 

I. INTRODUCTION 

Polyzwitterions^''^'^ belong to a special class of polyampholytes^'^, where each monomer 
carries both the positive and negative charges. Different kinds of polyzwitterions^'^'^ have 
been synthesized by varying the length of the zwitterionic unit, the spacing and the func- 
tionality of the group attaching the zwitterionic unit to the chain backbone. Also, depending 
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on the synthesis scheme, polyzwitterions can be prepared without any counterions of the 
charged moieties on the zwitterionic unit or with counterions. In the hterature, a major 
class of such molecules are known as betaines^'^'^ and, depending on the functionality of the 
negatively charged site on the zwitterionic unit, are called sulfo- (i.e., sulphonate group in 
the zwitterion unit), carbo- (carboxylate group) and phospho- (phosphate) betaines. These 
molecules have a wide variety of applications^ in medicine, biotechnology and oil industry. 

Since the synthesis of first polyzwitterionic molecule in 1957-, a number of experimental 
studies^'^'^i^i^i have been carried out on this special class of polyampholytes. One of the 
well-known signatures of these molecules is their insolubility in water despite the presence of 
charged groups. Furthermore, it is observed that the addition of salt enhances the solubility 
of these molecules. This particular effect is known as "anti-polyelectrolyte" effect^'^ in the 
literature due to the opposite behavior seen in pure polyelectrolytea^iii. Furthermore, the 
enhancement in the solubility of these molecules in water has been shown to depend on 
the specific nature of the added salt^'^'^. For polycarbobetaines, the solubility also depends 
on pH of the solution, due to the presence of an acid-base equilibrium mechanism in these 
systems. 

In the literature^'^'^i^'^, insolubility of polyzwitterions in pure water is explained on intu- 
tive grounds by the presence of attractive dipolar intra and inter-molecular interactions in 
salt-free conditions. Despite the lack of screening in purely dipolar media^^, the screening 
of attractive dipolar interactions by the added salt^^ is conjectured to be responsible for 
the "anti-polyelectrolyte" effect. The minimum amount of salt required to solubilize the 
polyzwitterions- is further observed to depend on specific interactions between the charged 
groups on the zwitterionic unit and the salt ions. Sometimes^, both the "polyelectrolyte" 
(decrease in the solubility of these molecules in aqueous solutions with the addition of salt) 
and "anti-polyelectrolyte" effects are observed in these systems. Using zeta-potentiometry^, 
it has been shown that the "polyelectrolyte" effect is a consequence of a net charge on the 
polyzwitterionic chain. The role of asymmetric counterion adsorption on the solubility of 
polyzwitterions has also been revealed using zeta-potentiometry. 

On the theoretical front, a number of studies have been carried out on polyampholyte 
solutions where the molecules contain both positive and negative charges along the backbone, 
starting from the work by Edwards-King-Pincus^. The conformations of polyampholytes 
were investigated in detail by Higgs and Joannyi^, Kantor and Kardar-i^ and Dobrynin and 



Rubinsteinii. It has been shown that the overall net charer of the chain, arising as 
a result of differential counterion adsorption on the positive and negative charges, plays a 
crucial role. Furthermore, it has been predicted that depending on the extent of asymmetry 
in the counterion adsorption on the charged sites along the backbone, the polyampholyte 
chain may behave like a polyelectrolyte. Also, the charge sequence along the polyampholjd;e 
chaiufi^ and the formation of ionic bridges^ between the oppositely charged groups along 
the backbone have been shown to affect the conformational behavior. In contrast to these 
polyampholyte models, polyzwitterions bear zwitterionic side-groups carrying both positive 
and negative charges on the same monomeric unit. The presence of the positive and negative 
charges on the same monomer implies that dipolar interactions^'^'^'^ are of paramount 
importance in these systems, which complicates the analysis. So far, polyzwitterions have 
received little attention from the theoretical community. 

In this work, we consider a single polyzwitterionic chain and derive quantitative relations 
between the radius of gyration of the chain and the added salt concentration using a varia- 
tional technique^ that was previously applied to neutral polymers^fi and polyelectrolytes^"^. 
With the aid of these relations, experimental observations regarding the solubility of 
polyzwitterions can be inferred. Here, an increase or decrease in the solubility of poly- 
mers on changing experimental conditions is inferred from the increase or decrease in the 
radius of gyration of the chain, respectively. Using the radius of gyration as a gauge for 
measuring the solubility of polymers, concepts of poor, theta and good solvent conditions 
have already been developed for neutral polymers^®. In this work, we carry out a similar 
analysis for a polyzwitterionic chain and study the effect of added salt on the radius of gy- 
ration of the chain, which, in turn, is used to infer the effect of added salt on the solubility 
of polyzwitterionic molecules. 

Before presenting the theoretical outline of this paper, we summarize the assumptions 
and key results of the model for those who are uninterested in the mathematical details. 

(i) We model the polyzwitterionic chain of Kuhn segments by a continuous curve of 
length Nl, I being the length of each segment, where each segment has a dipole of length 

attached to it at an angle. We consider the situation in which the chain is surrounded 
by two kinds (positive and negative) of monovalent small ions arising from the dissociation 
of the zwitterionic monomers along with those coming from the added monovalent salt. 
We assume that there are a+N positive and a-N negative counterions released by the 



zwitterionic monomers. Furthermore, we assume that the negative (= —ea^N, e being 
the electronic charge) and positive charges (= ea_iV) are distributed uniformly among the 
negative and positive sites, respectively. Also, the interactions between the segments with 
electric dipoles are modeled by a short range delta function pseudopotential of strength 
w and the long range electrostatic interactions between the charges of the electric dipoles. 
Dividing the population of the small ions into ones free to move in the solution (called "free" 
ions) and those, which are adsorbed on the zwitterionic monomers ("adsorbed" ions), we 
compute the radius of gyration of the polyzwitterionic chain using a variational method in 
case the electric dipoles can rotate freely. 

(ii) The counterion adsorption in the presence of the small ions near the polyzwitterionic 
chain complicates the situation. This is because the counterion adsorption leads to the 
formation of small dipoles at the adsorption sites. So, the description of the segment-segment 
interactions must include the charge-charge and charge-dipole interactions in addition to the 
dipole-dipole interactions. Integrating over the positions of the "free" ions, it is found that 
in addition to the well-known Debye-Hiickel screening of the charge-charge interactions, 
charge-dipole and dipole-dipole interactions also get screened. For a charge of magnitude 
Q (in units of electronic charge) and a dipole of moment p (in units of electronic charge) 
located at r and r', respectively, charge-dipole interaction energy (in units of ksT, being 
the Boltzmann constant and T being the temperature) is found to be 



where Ib — / AireoerkBT is Bjerrum's length written in terms of the relative permittivity 
€r of the medium, eo being the permittivity of vacumm. Also, 1/k is Debye length having 
contributions from only the "free" small ions in the solution given by 



where j — c+,c—,s+,s— represents the positive, negative ions dissociated from the zwit- 
terionic monomers and the added salt. For the charge and a freely rotating dipole, the 
interaction energy depends on the magnitude of the dipole moment (p — |p|) and is given 



Wca(r,Q,r',p) = -l^Q^—^[l + ^\r-r'\][p.(r-r')], 
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by 



iy/,(r,Q,r',p) = -|gV^^^[l + «|r-r'f . 



(3) 



Similarly, for electric dipoles of moment p and p' (in units of electronic charge) located at 
r and r', respectively, dipole-dipole interaction energy (in units of ksT) is found to be 

iy,,(r, p, r', p') = /B[A(|r-r'|)(p.pO-B(|r-r'|)[p.(r-r')][p'.(r-r')]], (4) 

where 

A{x) = + (5) 

B{x) = ^—^ [3 + 3kx + K^x^\ . (6) 

For the freely rotating dipoles, the interaction energy becomes 

Wi(r, p, r', pO = -|pV^^^C7(K|r - r'|), (7) 

where C{x) = 1 + 2x + + + and p' = |p'|. Note that putting k = in the above 
expressions, well-known functional form the bare charge-dipole and dipole-dipole interaction 
energies22 are obtained. 

(iii) The radius of gyration of the polyzwitterionic chain is found to be dependent on an 
intricate interplay of charge- charge, charge-dipole and dipole-dipole interactions in addition 
to the short range excluded volume interactions. In this work, we show the possibility of 
an attraction dominated and a repulsion dominated regime. In the attraction dominated 
regime, dipolar interactions dominate over all the other interactions. For example, in the 
absence of the small ions, segment-segment interactions are described by the short range 
excluded volume interactions and the dipole-dipole interactions. In this case, the radius of 
gyration {Rg = Nlli) is to be obtained from the relation 

where W2 and v^ff are renormalized two body and three body excluded volume parameters, 
given by Eqs. ( HUj) and ( Wl\ . respectively. These parameters depend on the Bjerrum's 
length and the magnitude of the dipole moment of the zwitterionic monomers (= Pm)- From 
Eq. ( H6l) . it is clear that for strong enough dipole-dipole interactions (characterized by 
the parameter /gPrn.)) "^2 may become negative even for good solvents (i.e., positive hare 
excluded volume parameter w) and Eq. ( [8]) becomes the well-known relation describing a 
globule or a polymer chain in a poor solvent. In other words, our model predicts that a 
globule is the equilibrium state for strong enough dipolar interactions so that W2 is negative. 



However, the presence of the small ions leads to the counterion adsorption on the zwitteri- 
onic monomers and the screening of the dipolar interactions. Taking into account the effects 
of the charge-charge and charge-dipole interactions in addition to the dipole-dipole interac- 
tions, the radius of gyration in the attraction dominated regime for the uniform distribution 
of charges on the zwitterionic sites is to be obtained from 

1 1 _ 4 / 3 nJefANlf" ^ ^eff - I2w,dlh 
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Here, Wcd,7, fe// and Wg// are given by Eqs. ([I6]), (|42]), (|47]), and (HI]), respectively. From 
Eq. ([HD and ( HUj) . it is found that li increases with the increase in k, in the regime li/l <^ 1, 
which corresponds to a compact globule. Physically, the increase in li with an increase in k 
corresponds to the opening up of the compact globule due to the screening of the attractive 
dipolar interactions. 

A key prediction of the model is the dependence of the degree of ionization of the zwitteri- 
onic monomers on the self-energy of the dipoles, charge-dipole and dipole-dipole pairs (given 
by Eqs. ([211), and ([21]), respectively), formed as a result of the counterion adsorption. 
An asymmetric counterion adsorption on the positive and negative sites of the zwitterionic 
monomers is predicted for different adsorption energies of the two kinds of counterions. The 
adsorption energies (cf. Eq. ( \2M ) are characterized by the local inhomogenieties in the 
dielectric constant near each kind of ions and the length of the dipole or ion-pair formed 
due to adsorption. 

For an asymmetric counterion adsorption, the repulsive charge-charge interactions may 
dominate over the attractive dipolar interactions. The cross-over from the attraction to 
repulsion dominated regime is characterized by 8/5(0+ — a;_)^i?^/15|we//| — 1. In the 
repulsion dominated regime, the radius of gyration is given by 

1 1 _ 4 f 3 Y' w^ffiNiy^' I 4 / gV^' hia^ - a^nrnf/^ / ^'^^^^ \lO) 
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in the weak screening limit nRg — > and 

in the strong screening limit uRg 00. Comparing Eqs. ( [TUl) and ( [TTj) with those for 
polyelectrolytes^, it is found that the polyzwitterionic chain behaves like a polyelectrolyte 



with the net charge equal to e|a+ — a^\N . Note that in this regime so that li/l ^ 1, 
the screening of electrostatic interactions lead to the decrease in the radius of gyration in 
contrast to the attraction dominated regime, where the screening leads to an increase in the 
radius of gyration. Also, note the dependence of the parameter characterizing the cross-over 
from an attraction to repulsion dominated regime (i.e., /b(q;+ — Q;_)^-Rg/|we//|) on the salt 
concentration. Hence, the cross-over depends on the ionic strength related to k and the net 
charge on the polyzwitterionic chain. 

This paper is organized as follows: the formalism is presented in section [Tll our results 
for the conformational characteristics of polyzwitterions are presented in section IIIIl and 
section IIVI contains our conclusions. 



II. THEORY: UNIFORM EXPANSION MODEL 



We consider a single flexible polyzwitterionic chain of Kuhn segments, each with 
length I in a spherical volume Vt = AitR^/3. The polyzwitterionic chain is represented as a 
continuous curve of length Nl, and an arc length variable s is used to represent any segment 
along the backbone so that s G [0, A^Z] (Fig. [T]). Also, we assume that each segment has 
a dipole of length attached to it, which can rotate freely. Physically, this corresponds 
to a chain with zwitterionic side-groups attached to it, which carry both the monovalent 
positive and negative sites separated by a spacer of length r^. By taking the dipole length 
attached to each segment to be the same, we have assumed that the distance between the 
positive and negative sites on the zwitterionic side groups is the same for each monomer 
and remains fixed irrespective of the conformational state of the chain. The distance is 
governed mainly by the chemistry of the macromolecule and typically, it is around three 
to four methylene groups (e.g., in poly-suphobetaines), which is about 0.5 — 0.7 nm and 
amounts to a dipole moment of 24 — 34 D for monovalent charged sites compared to a dipole 
moment of 1.85 D for gaseous water (monomeric dipole- moment is represented by Pm = er^ 
for univalently charged groups). To have a general picture, we consider that there are nc+ 
and ric- positive and negative counterions released by the negative and positive groups on 
the zwitterionic monomers, respectively. In addition to this, we assume that there are ns+ 
and Us- positive and negative monovalent salt ions in the system. Overall, the system 
is electroneutral. We denote by Zj the valency (with sign) of the charged species j and 



j = +, — , c+, c— , s+, s— represent the positive, negative sites on the zwitterionic groups, 
positive, negative counterions from the zwitterionic monomers, positive and negative salt 
ions, respectively. 

In order to study the effect of counterion adsorption on conformational characteristics 
in such a complicated multi-component system, we use the so-called "two-state" model^ 
for the counterions so that there are two populations of counterions. One population of 
the counterions is free to enjoy the available volume (called the "free" counterions) and the 
other population is "adsorbed" on the backbone. However, the adsorbed counterions are 
allowed to move along the backbone. In the literature, this kind of charge distribution has 
been referred to as a "permuted" charge distribution^. In the case of polyzwitterions, there 
are two kinds of counterions coming from the positive and negative charged sites of the 
zwitterionic monomers. We denote the degree of ionization of the negative and positive sites 
on the chain by a+ and a_, respectively, so that there are —a^NZ_/Zc+ and —a^NZ^/Z^- 
"free" counterions coming from the negative and positive zwitterionic sites, respectively. 
In other words, there are —(1 — a±)NZ±/Zc± "adsorbed" counterions on the chain and 
e(a+Z+ + a^Z^)N is the net charge on the chain, e being the charge on an electron. 

We compute the radius of gyration of a single polyzwitterionic chain in the presence of 
its counterions, the added salt ions, and the solvent (treated implicitly in this work as a 
uniform dielectric medium) using the variational formalism presented below. 

A. Variational Formalism 

Here, we present the variational formalism to compute the radius of gyration of a polyzwit- 
terionic chain surrounded by small ions. In the presence of small ions, it can be shown that 
not only the charge-charge but also the charge-dipole and dipole-dipole interactions are 
screened (Appendix A). Using the functional forms for the screened interaction potentials 
derived in Appendix A, we can study the effective size of a polyzwitterionic chain in the 
presence of salt. However, the formation of small dipoles as a result of counterion adsorp- 
tion complicates the situation. For the discussion here, we consider the case of monovalent 
salt and assume that the counterion adsorption of the positive and negative ions from the 
solution on the chain leads to dipoles having dipole moments p+ and p_, respectively. 

There may also be bridging effects due to the presence of oppositely charged species 



along the backbone. We can study this particular effect within uniform expansion model 

considered here by introducing another parameter a^, which is the fraction of monomers 

involved in bridge formation. Bridging can be accounted for by adding a net attractive 

contribution to the excluded volume parameter—^ which arises from a balance between ionic 

attractions and a conformational entropy penalty for bridges. However, in this work, we 

ignore the effect of bridging and focus on the isolated effect of dipolar interactions on the 

confomational characteristics of the zwitterionic chain. 

Taking the dipole moment of each zwitterionic group to be the same i.e., Pm in magnitude, 

and modeling intra-group interactions by screened charge-charge, freely rotating charge- 

dipole and dipole-dipole interactions, the partition function can be written as 
_ Zoexp[-Ea/kBT] 



J D[R]exp [-Ho{R}-W{R}] 



where Ho is the chain connectivity part given by 
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and W is the dimensionless interaction energy part (in units of fc^T, being Boltzmann's 
constant and T being the temperature) written as 

/ ds ds'5 [R{s) - R{s')] 
Jo Jo 

ds"6 [R{s) - R{s')] 6 [R{s') - R{s")] 

^ pNI pNI 

^ 2P "^'^ ^"^"^^ ^"^^""^ ~ "^^^'^^ ^ '^^cdVcd [Ri-s] - Ris')] 

+w,dVM[R{s)-R{s')]}. (14) 

Here, w is the conventional excluded volume parameter characterizing binary interac- 
tions, u is the parameter characterizing ternary interactions, and Wcc, Wcd and Wdd are the 
prefactors determining the relative weightage of charge-charge, charge-dipole and dipole- 
dipole interactions, respectively (see Appendix A for the details). Explicitly, these are given 
by 
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where Ib = e"^ /ATreQerksT is Bjerrum's length written in terms of the relative permittivity 
er of the medium, eo being the permittivity of vacumm. 

Also, Vcc, Vcd and Vdd are the screened charge- charge, freely rotating charge-dipole and 
dipole-dipole interaction potentials, respectively (see Appendix A), given by 

. exp \—Kx\ 

Kc(x) = \ (18) 

VM) = {I + ^x)\ (19) 

Vddi^) = !^^Pb^c (^^) , (20) 
where x = |x| and C{x) is defined in Eq. ( IA-28P by 

C{x) = 1 + 2x + + + (21) 

Note that the prefactors containing the magnitude of the dipole moments and the charges in 
the expressions for the charge- charge, charge-dipole and dipole-dipole interaction potentials 
are taken away in the definition of Wcc, Wcd and Wdd, respectively, for the writing purposes. 
Furthermore, = AnlB'^j Z^rij/fl, where j = c+,c—,s+,s—, so that 1/k is the Debye's 
screening length, and nc+ = a+N and ric- = a-.N are the number of positive and negative 
counterions, respectively. 

Due to the attractive nature of charge-dipole and dipole-dipole interactions, there might 
be a chain collapse. To stabilize against a collapsed conformational state of the chain, 
repulsive ternary interactions^i^SiiS^ characterized by z/ > are also taken into account into 
Eq. [lH Also, the effect of solvent is modeled by ignoring the interactions between the 
charged species and solvent molecules and carrying out weak inhomogeneity expansion for 
the solvent density (also known as random-phase approximation (RPA)), which leads to a 
renormalization of the excluded volume parameter hj w = (1/(1 — 0p) — 2xps)l^-, <Pp = Nl^/Q 
being the volume fraction of the monomers. 

In Eq. ( [T21) . Zq is the partition function for small ions at the level of one- loop equivalent 
to Debye-Hiickel or RPA, which captures the effect of fluctuations in the number density of 
small ions. Explicitly, it is given by 

-lnZo= ^^-^l^lf-^)-!^' (22) 

j=c+,c—,s+,s- 

where the first term takes into account the translational entropy of the small "free" ions and 
the second term is responsible for the fluctuations in the density of the small ions. Also, 



Ea and /i are the parts of the so called chemical free energy^i of the system, originating 
from the "adsorbed" counterions. Ea is the energetic part of the chemical free energy and 
includes the self-energy of the ion-pairs {E^), charge-dipole {E^) and dipole-dipole (-Ef'^) 
pairs, given by 

ZT" TT'cc JT'cd JT'dd 

^" + (23) 
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In these expressions for the self-energies of different kinds of pairs, the parameters 
5-1- = el/ei±d±, capture the effect of the deviation of the local dielectric constant near the 
polyzwitterioinic chain {ei±) from the bulk value (e). Also, d± represents the length of the 
dipole formed due to ion-pairing by positive or negative counterion (i.e., p± = ed±). 

fi is the number of ways of distributing the "adsorbed" counterions (say A^+, A^_) among 
N charged sites, given by /i = jy^K^^Liy^y jy \(n~n )! • '^^^ explicit expression for /i can be 
used to compute the entropic part (5*^) of the chemical free energy by 

—TS 

— In/i = [a+ log a+ + (1 — a+) log(l — a+) 



kBT 

log a_ + (1 - a_) log(l - a_)] , (27) 

where a± = N±/N and Stirling's approximation Inn! ~ ralnn — has been used in writing 
Eq. ( [27]) . We must stress here that these contributions to the chemical free energy of the 
system are independent of the conformation of the chain. However, the size of the chain 
depends on the chemical free energy in an implicit way through and 

Using the variational method presented in Ref.— along with the partition function given in 
Eq. ( [T2l) . the conformational characteristics of the polyzwitterionic chain can be computed 
by approximating it by an effective Gaussian chain with Kuhn step length li, where /i 
depends on the various intra-chain interactions. Also, the radius of gyration {Rg) of the 
chain is related to the effective step length li by the relation = NUi/6. Following Ref. 
26, the effective step length li is given by the relation 



where 7] is given by 
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which is divergent and needs to be regularized (see Refs. 31 — 33 for the derivation of this 
term ). For the discussion in this paper, we have taken to be a positive constant obtained 
after carrying out the regularization. Furthermore, 
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In above equations, Vcc{k), Vcd{k) and Vdd{k) are the Fourier components of the screened 
charge- charge, charge-dipole and dipole-dipole interaction potentials given in Eqs. ( [18] - 
20i) . respectively. Introducing a short distance cut-off in the real space (= A 0, so that A 
has the units of length) to regularize the divergent integrals in the computations of Fourier 
transforms for the screened charge-dipole and dipole-dipole interaction potentials, explicit 
expressions for Vcci^k), Vcd{k) and Vddi^k) are given by 
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Evaluation of I^yj and Ice has already been carried out in the literature^^i^. In particular, 



3 y/' (iv/)i/2 



27r J 



45 W 



,5/2 
'■1 

1/2 (^;)3/2 



'■1 



3/2 ®o(a) 



(37) 
(38) 



where 



^2^2 (^^ - 4a + 6) exp(a)erfc(A/a) + — 



TT 



+ 



(39) 



and a = K^E?g 



Jed and Idd can be evaluated using the expressions for Vcd{k) and Vdd{k), respectively. 
Unfortunately, analytical evaluations of these integrals are not possible for arbitrary values 
of K. However, in the limiting cases of 6 = 4a — and b ^ oo, the integrals can be carried 
out analytically (see Appendix B for details). Physically, the limits of 6 ^ and b ^ oo 
correspond to the collapsed globule state in low salt concentrations and expanded coil for 
moderate salt concentrations, respectively. 

For these limiting cases, led and Idd are given by 
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respectively. In these equations, 7 and ^ are given by 
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{s - s') 

29i) . 7 and ^ are also divergent and need to be 



respectively. Note that like r] in Eq. 
regularized. Also, the origin of the divergences in the expressions for rj, 7 and ^ lie in the 
use of continuous integrals while writing the interaction energy in Eq. ( UM . These kinds of 
divergences often appear in the coarse-grain models and can be regularized by introdcing an 



appropriate cut-off. However, in this paper, we do not explicitly regularize these quantities, 
but treat them as constants obtained after appropriate regularization. 

Using Eqs. (EH]), ( ETj), ( EHD, (HQ]), and (HI]), the effect of dipolar interactions and 
the added salt on the radius of gyration of the polyzwitterionic chain can be studied in the 
limiting cases. Note that for the limiting cases considered here 

f 1 -6a/7, a 
eiia) = ^ ' (44) 

I 15/2a, a ^ oo. 

In the next section, we present the conformational characteristics of a single polyzwitterionic 
chain in a salt-free as well as salty environment using the theoretical formalism presented 
above. 



III. CONFORMATIONAL CHARACTERISTICS 

A. Salt-Free Dipolar Polyzwitterionic Chain 

Consider the case of a single purely dipolar polyzwitterionic chain in a salt-free envi- 
ronment, so that there are no added salt ions as well as counterions from the chain (i.e., 
a+ = a_ = 1). In this scenario, the monomers of the polyzwitterionic chain interact with 
each other by bare dipole-dipole interactions along with the excluded volume interactions. 
Putting a+ = «_ = 1 in Eqs. ([15]- [IT]) and k = in Eq. (E]), Eq. ([2H]) becomes 

1 1 _ 4 / 3 Y^^W2{Niy/^ , 



where W2 and u^ff are renormalized two body and three body excluded volume parameters, 
given by 



W2 = w- 





and 



respectively. 

In the expression for the renormalized excluded volume parameter the first term is 
the excluded volume parameter renormalized due to the presence of solvent, i.e., w = iXjiX — 



0p) — 2xps)i^, and the negative second term represents the effect of dipole-dipole interactions 
on the short range interaction strength. This imphes that the dipolar interactions add an 
attractive component to the short-range excluded volume interactions, which may be purely 
repulsive or attractive depending on the solvent quality. 

Conformational characteristics and in turn, the solubility of the purely dipolar polyzwit- 
terion molecules in a salt-free environment can be understood by estimating the sign of the 
the renormalized excluded volume parameter W2- Using well-known concepts^-, if W2 > 0, 
the polyzwitterionic chain behaves like a polymer in a good solvent and its radius of gyration 
is greater than that of the corresponding phantom chain (whose connected segments don't 
interact with each other). However, if W2 < 0, the chain behaves like it is in poor solvent 
conditions and its radius of gyration is smaller than that of the phantom chain. Similarly, if 
W2 = 0, then an equivalent of theta-solvent condition for neutral polymers can be envisaged 
and the radius of gyration of the chain equals that of the phantom chain. From Eq. ( HHD, 
it is clear that the dipole-dipole interactions tend to reduce the solvent quality and leads to 
a shrinkage of the chain. 

Similarly, the three body interaction term gets renormalized due to the presence of dipolar 
interactions(cf. Eq. (HZ])). However, the reduction in the ternary interaction term due to 
the dipole-dipole interactions is small, of the order ~ So, for infinitely long chains, the 

renormalization of the third body interaction term is negligible. Due to the repulsive nature 
of the ternary interaction term, a reduction in this term because of the dipolar interactions 
aids in the shrinkage of the chain. 

The effect of the dipole-dipole interactions on the binary and ternary interaction terms 
can be used to obtain some scaling laws for the radius of gyration of a polyzwitterionic 
chain. It has been already showrt^^'^'^i^^i^ that in the presence of attractive two body 
interactions, the chain tends to shrink. However, the shrinkage is unfavorable because of 
the loss in conformational entropy as well as the repulsive ternary interactions^!^. In the 
collapsed globule regime, ternary repulsive interactions dominate over the conformational 
entropy. On the other hand, in the expanded coil regime, the chain conformational entropy 
dominates over the repulsive ternary interactions. The cross-over from one regime to the 
other can be estimated by balancing the chain conformational entropy with the ternary 
repulsive term in Eq. ( H^]) . 

In the expanded coil regime so that W2 > 0, the equilibrium radius of gyration can be 



estimated by balancing the left hand side with the first term on the right hand side in Eq. 

which gives Flory's result^i^ for Rg = a/ NUi/Q ~ {w2y^^N^^^- From the dependence 
of W2 on pm and Ib in Eq. (|46l), it is clear that the radius of gyration of the chain decreases 
with an increase in the monomeric dipole moment (pm) or the Bjerrum length. 

In the poor solvent regime^'^'^'^'^ for the polyzwitterionic chain so that W2 is negative, 
the equilibrium radius of gyration can be estimated by balancing the first and second term 
on the right hand side in Eq. (US]), which gives Rg = ^JNlll/Q ~ {V(,ff/\w2\Y^'^N^^^- Due 
to an increase in \w2\ and a decrease in z/g// on increasing the strength of dipole-dipole 
interactions, the collapse of the dipolar polyzwitterionic chain is stronger as the monomeric 
dipole moment {pm) or the Bjerrum length is increased. 

Hence, dipole-dipole interactions always cause a shrinkage in the radius of the chain and 
sometimes may lead to a chain collapse. In other words, the dipole-dipole interactions reduce 
the solvent quality for the polyzwitterionic chain, which is consistent with the experimentally 
observed insolubility of polyzwitterionic molecules in aqueous solutions. 

B. Polyzwitterionic Chain in the Presence of Added Salt 

Interpretation of the quantitative relations between the radius of gyration of a polyzwit- 
terionic chain in the presence of its own counterions or added salt is facilitated by noticing 
that in general, small ions have two effects on the conformational characteristics of the 
chain. First is the screening of the charge- charge, charge-dipole and dipole-dipole interac- 
tions presented in Eqs. ( [THl - I^Ul) . Second is the possibility of counterion adsorption on 
the zwitterionic side-groups, which dictates considering the relative importance of the three 
different kinds of interactions (cf. Eqs. ( [TSl- fTTl) ). 

The role of counterion adsorption on the polyzwitterionic chain demands systematic at- 
tention using the theoretical tools presented here. However, we can infer some important re- 
sults from well-known counterion adsorption phenomena for a flexible polyelectrolyte chain. 
For a single flexible polyelectrolyte chain, it has been shown2Ii^i2S that there is a non-trivial 
dependence of the degree of ionization on the added salt concentration and the parameter 
characterizing the binding energy of the counterions on to the chain (i.e., an analogue of 5± 
for polyelectrolytes) . Furthermore, the degree of ionization at equilibrium has been shown 
to be determined mainly as an interplay of counterion adsorption energy (-Ea), translational 



entropy and correlation energy of the "free" ions (— InZo) and the translational entropy of 
the "adsorbed" counterions {So}- In fact, the degree of ionization decreases with increasing 
sah concentration and counterion binding energy. 

The counterion adsorption phenomenon is richer in the case of polyzwitterions due to the 
presence of two kinds of charged sites on the chain. In the case of polyelectrolytes, it has been 
shown that the chain conformational entropy has almost no effect on the equilibrium degree 
of ionization in the good solvent regime. Assuming the chain conformational entropy to have 
the similar effect in the case of polyzwitterions also, it is clear from Eqs. ( [2^ . ( and 
( [271) that the equilibrium degree of ionization depends on the salt concentration, the dipole 
length Vd, and the parameters 6±. This means the asymmetry in the degree of counterion 
adsorption on the polyzwitterionic sites depends on the parameters 6±. To demonstrate this 
point, we have minimized the free energy with respect to a±, retaining only Ea, — IuZq and 
—TSa- The results for a particular set of parameters relevant to polyzwitterions are shown 
in Fig. [21 For equal values of 5+ and both positive and negative counterions adsorb 
equally on the corresponding zwitterionic sites so that there is no asymmetry in the degrees 
of counterion adsorption (Fig. [21(a) ). On the other hand, increasing the parameter 6± 
causes more counterions to adsorb on the polyzwitterionic sites and hence, enhances the 
counterion adsorption asymmetry. This particular point is demonstrated by Figs. [2Ib) 
and [21(c), where the larger value of 6± leads to an enhanced adsorption of the corresponding 
counterions compared to the others. The decrease in a± with the increase in Bjerrum length 
in these figures is consistent with the known result from polyelectrolytes. 

Furthermore, the parameters 6± characterize the binding energies of positive and nega- 
tive counterions on the polyzwitterionic chain. Also, note that the parameters and 5-1- 
embody a chemical specificity; dependence of the degree of ionization on these parameters 
means that local size and chemical details of the zwitterionic groups and the counterions 
play an important role in the counterion adsorption phenomenon. These concepts of coun- 
terion adsorption will be seen to have implications for the conformational characteristics of 
polyzwitterionic chains as described below. 



1. Weak screening limit i.e., 6^0 



In the presence of "free" ions near the polyzwitterionic chain so that 6 — > 0, Eq. 
becomes 

1 1 _ 4 / 3 V'^ Weff{Nlf'^ 4 /ey/' / f^Nlh 
I h ~ 3 \27c) if + 45 U; /f V ~ 7 

+ ^ + IT 

where 7 is a constant given by Eq. |l2]and Weff is the effective excluded volume parameter 
in the presence of small ions ( which may be the counterions from the chain or added salt 
ions or both), given by 



Weff = W + Wcd 
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(49) 



In the above expression for Weff, the first term is the excluded volume parameter renor- 
malized due to the presence of solvent. The second term represents the the effect of 
charge-dipole interactions on the short ranged excluded volume interactions and is nega- 
tive {wcd < 0). The K dependent part in this term comes from the screening of charge-dipole 
interactions by the small ions. The third term is the already mentioned (see Eq. ( H6l) ) 
dipole-dipole interaction term and has additional contributions in this context due to ion 
screening. Note that the decrease in w^ff due to the screening of charge-dipole and dipole- 
dipole interactions does not imply that the addition of the salt leads to the shrinkage of the 
chain. 

The presence of "free" ions near a polyzwitterionic chain, the chain conformational 
characteristics and in turn, the solubility of polyzwitterions is determined by an intri- 
cate interplay of attractive dipolar (charge-dipole and dipole-dipole) and repulsive charge- 
charge interactions along with the hare binary and ternary interactions. If the attrac- 
tive charge-dipolar interactions dominate over the repulsive charge-charge interactions (i.e., 
8Wcc-Rn/15|We//| < 1), then Eq. (HH]) becomes 
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+ u ' (50) 



which is written after neglecting the charge-charge and the dipole-dipole interaction terms 
on the right hand side in Eq. ( HHj) . Physically, this equation corresponds to a compact 
globule state for the polyzwitterionic chain in a regime, where charge-dipole interactions 
dominate over the repulsive charge-charge interactions. 

The effect of screening of the dipolar interactions appear in the form of negative con- 
tributions containing k on the right hand side in Eq. ( [30]) (in the expression for Wg//) 
and an expansion of the chain with the increase in k can be inferred by noting that in the 
limit of III I <^ 1, the left hand side in Eq. ( [301) is negative and an increase in li/l makes 
it more negative. However, it must be kept in mind that the screening of the attractive 
dipolar interactions alone can not lead to an expanded coil state past the theta point. In 
other words, the screening of the dipolar interactions can only lead to an opening up of the 
compact globular state. 

On the other hand, one can imagine that an addition of salt may lead to suffi- 
cient asymmetric counterion adsorption (|a+ — on the polyzwitterionic chain so that 
the repulsive interactions become comparable to the attractive dipolar interactions (i.e., 
8wcc-Rg/15|we//| — 1). In this regime, the polyzwitterionic chain takes an expanded coil 
conformation (note that this may happen in the low salt concentrations so that 6^0) and 
Eq. ( HHj) becomes 

1_1 _ 4 / 3 \"' w,jf{Nlfl^ , 4 (Q\"^ w,,{Nlfl^ K^Nlh \ 

1 h-3 [2^) fl- + 45 UJ iT V 7 J ' ^^'^ 

which follows by neglecting the last three terms on the right hand side in Eq. ( HSl) . 

Comparing Eq. ( ISTl) with that for a flexible polyelectrolyte^, it is clear that in 
this regime, the polyzwitterionic chain behaves like a polyelectrolyte chain with charge 
e|a;+ — a^\N . An important point to note is the dependence of the counterion adsorp- 
tion asymmetry on the speciflcity of the zwitterionic groups, the counterions and the added 
salt. Furthermore, the theoretical prediction of the cross-over from the attraction dom- 
inated regime to the polyelectrolyte regime requires a minimum amount of salt so that 
8wcc-Rg/15|we//| — 1- This is qualitatively in agreement with the experiments^"^, where a 
minimum amount of salt is observed to achieve solubility of the polyzwitterions. 

Hence, the addition of salt leads to an opening up of the collapsed globule in the attraction 
dominated regime and may cause an expansion due to the counterion adsorption asymmetry 



on the polyzwitterionic chain. The expansion of the polyzwitterionic chain due to the 
counterion adsorption asymmetry may also lead to the other limiting case, where b oo, 
which is presented below. 



2. Strong screening limit i.e., b ^ oo 



In the strong screening limit so that b oo, Eq. ( [28l) becomes 
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where We// is the effective excluded volume parameter in this limit, given by 



eff 



w + 



A-nWr 



+ Wed 



37r 
T 



2t:k 



+ Wdd 



7 K 

48A3 ^ 3A2 ^ 6A 



+ 



TCK 



(53) 



Noting that this limit is attained due to the dominance of the charge-charge interactions 
over the charge-dipole and dipole-dipole interactions, Eq. ( can be rewritten after 
neglecting the terms containing Wcd and Wdd so that Eqs. ( and ( ES]) become 



and 

respectively. 

Hence, the polyzwitterionic chain behaves like a neutral chain in the presence of a large 
amount of salt in this repulsion dominated regime and the equilibrium radius of gyration of 
the chain is given by Rg ~ w]/^jN^/^ . 



IV. CONCLUSIONS 



In summary, we have derived relations for the radius of gyration of a polyzwitterionic 
chain under various solution conditions using the variational method. In a salt-free envi- 
ronment, it was shown that the dipole-dipole interactions always lead to the shrinkage in 



the radius of gyration of a purely dipolar polyzwitterionic chain (cf. Eqs. (US])- (HID)- In- 
crease in the dipole moments of the zwitterionic monomers or Bjerrum's length was shown 
to strengthen the attractive dipolar interactions and lead to a stronger chain shrinkage. On 
the addition of salt or in the presence of counterions from the polyzwitterionic chain, the 
attractive charge-dipole and dipole-dipole interactions are screened due to the ionic envi- 
ronment created by the the small ions (cf. Eqs. ( [T^ - ( [201) ). The screening of the dipolar 
interactions is shown to drive the chain conformations from the collapsed state to a more 
open conformational state. These theoretical predictions are consistent with the conjec- 
ture that the addition of salt enhances the solubility^"^ of the polyzwitterionic molecules in 
aqueous solutions. 

The equilibrium radius of gyration of the polyzwiterionic chain in the presence of the salt 
(Eq. ( [2H|) ) is shown to be an interplay of the relative weightages of screened charge- charge, 
freely rotating charge-dipole and the dipole-dipole interactions (given by Eqs. ([IS]), ( [TB]) 
and ([E]), respectively). The weightages depend on the degree of counterion adsorption on 
the zwitterionic sites, the dipole moments of the zwitterionic sites, and the ion-pairs formed 
due to the counterion adsorption. In particular, the equilibrium radius of gyration of the 
polyzwitterionic chain depends sensitively on the asymmetry in counterion adsorption on 
the zwitterionic sites. If the counterion adsorption asymmetry (|a_|_ — «_|) is small, the 
attractive dipolar interactions leads to the collapse of the chain and the addition of the 
salt leads to the opening of the collapsed globule (see Eq. ( [50])). On the other hand, 
if the counterion adsorption asymmetry is large, the charge-charge repulsive interactions 
among similarly charged sites dominate over the attractive charge-charge interactions among 
oppositely charged sites, charge-dipole and the dipole-dipole interactions. In this scenario, 
the polyzwitterionic chain behaves like a polyelectrolyte chain (cf. Eqs. ( [FT]) and with 
renormalized charge (= e|a+ — a^\N). Cross-over from the attraction dominated regime 
for low counterion adsorption asymmetry to the polyelectrolyte regime requires a minimum 
amount of salt, which is consistent with the experimental requirement of a critical amount 
of salt to solubilize the polyzwitterions. Note that these effects are all in addition to the 
conventional role of solvent quality on the conformational characteristics of a polymer chain. 

Furthermore, it is shown that the degree of ionization of the polyzwitterionic chain de- 
pends on the specificity of the added salt and the zwitterionic groups (cf. Fig. [2]). This 
explains the specificity of the added salt and the zwitterionic groups in determining the 



conformational behavior of the polyzwitterionic chain. 

Overall, the theoretical predictions are qualitatively consistent with the observed exper- 
imental results. 
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APPENDIX A : Screening in dipolar media 



Here, we present the details of the free energy calculations for a single flexible polyzwit- 
terionic chain in the presence of salt ions represented in Fig. [TJ In order to simplify the 
analysis, consider a polyzwitterionic chain, where each charged group on the zwitterionic 
side group is ionized so that the counterion adsorption is absent (i.e., = «_ = 1). We 
start from the partition function written using an extension of the Edward's Hamiltonian as 

Z = I D[n] I \{du, I J] J]dr„exp[-i7o{R}-i^«,{R.,Up,R',u;} 

-H^p {R, Up, r^} - Hpp {R, Up, R', u^} - H^^ {r„, r^^}] (A-1) 



so that 
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{R,Up,R',u'p} = ^ J dr J dv' J du J rfu pp(r, u)t(;2(r, u, r, u')pp(r', u') 



iJpp{R, Up,R',Up} = Y j dr j dr' 
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|r - r' - O.Sr^Up - O.Sr^u' 
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|r — r' — O.Sr^Upl |r — r' + CSr^u^ 
^cc{r^,4} = i dr'^ ^, (A-7) 



where R(s) represents the position vector for the s^^ segment (see Fig. [T]) and subscripts 
j = c+, c— , s+, s— represent the small ions released by the polyzwitterionic chain along with 
those coming from the added salt. In Eq. ( lA-ip . the Hamiltonian is written by taking into 
account the contributions coming from the chain connectivity (given by Hq in Eq. ( IA-21) ). 
the short ranged dispersion interactions (represented by i/^ in Eq. ( IA-31) ) and the long 



range electrostatic interactions between the charged species (written as Hpp, Hep and Hcc 
above, which correspond to the segment- segment, segment-small ions and small ions-small 
ions interactions, respectively). 

The chain connectivity part written as Hq is the well-known Wiener measure for a flexible 
polymer chain. Furthermore, W2(r, u, r ', u') is the energy accounting for dispersion inter- 
actions between segments having centers at r and r', and their axes along the direction u 
and u', respectively. For the large length scale properties such as the radius of gyration 
described within the coarse-grained model, functional form for the dispersion interactions 
doesn't matter^*^. What matters is the short range nature of these interactions. 

Electrostatic contributions to the Hamiltonian arising from the segment-segment interac- 
tions can be written by taking into account the Coulomb interactions between the charges 
at the ends of the dipoles located at each segment. Adding the Coulomb interaction energies 
between the charges at the ends of the two dipoles of length with their centers at R(s) 
and R(s'), and the dipolar axes along the directions described by unit vectors Up(s) and 
Up(s'), respectively, and summing over all the dipoles, Eq. ( IA-4p is readily obtained. In 
writing Eq. ( IA-4p . the microscopic number density of the dipoles (or segments ) at a certain 
location r is defined as 
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Pmir) = - j dt5[v-Ii{s)] (A-8) 

and the functional dependence of vector Up(s) on s has been suppressed for the ease in 
writing. 



A simpler way to rewrite the segment- segment interaction energy is by defining a dis- 
tribution function (pp(r,u)), which describes the number of segments with their centers at 
a certain location r and the attached dipoles oriented along u. If the dipole attached to 
the segment at R(s) has its dipolar axis along Up(s), then the distribution function can be 
formally defined as 

1 z-^' 

Pp(r,u) = - / [r - R(s)] 5 [u - Up(s)] . (A-9) 

' Jo 

Also, if Wpp{r, u, r', u') is the interaction energy between the dipoles with their centers at r 
and r', and their dipolar axis along the direction u and u', respectively, then the segment- 
segment interaction energy is given by Eq. ( lA-Sp . It can be readily shown that the Eqs. 
( IA-4p and ( lA-Sp are equivalent. In fact, an explicit expression for the interaction energy 



arising from the long range dipole-dipole interactions i.e., Wpp{r,u,r' ,u'), can be derived 
using the Taylor expansion for the function l/|r — p| in the limit of |r| ^ |p|. However, 
we leave the functional form for Wpp{r,u,r' ,u') for now and first focus on carrying out 
integrations over the positions of the small ions in Eq. ( lA-ip . 

Like the segment-segment interaction energies described by the dipole-dipole interactions 
, interactions between the small ions and the segments, and among the small ions are de- 
scribed by the charge-dipole and charge-charge interactions given in Eqs. ( IA-6P and ( IA-7p . 
respectively. Note that in writing the interaction energies involving the small ions (in Eqs. 
( IA-6P and ( IA-7P ). we have taken the small ions to be point charges so that they have zero 
excluded volume, and hence, interactions are purely electrostatic in nature. Furthermore, 
the microscopic densities for the small ions are defined as 

Pji^) = "^^^ -^i)] j = c+,c-,s+,s - . (A-10) 

1=1 

In order to carry out the integrations over the positions of the small ions, we use the identity 
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for j = c+, c— , s+, s—. Using this identity and Stirling's approximation Inn! ~ nlnn — n, 
Eq. ( lA-ip becomes 

Z = f D[R] fUdup K] [p,] exp [-H {R, Up, w,, p,}] (A-12) 



where 



H {R,Up,Wj,pj} = Hi{R,Up} + H2{R,Up,Wj, pj} . 



(A-13) 



Here, Hi and H2 represent the parts of the Hamihonian, which are independent and 
dependent on wj, respectively. Now, evaluating functional integrals over wj by the 
value of the integrand at the saddle points i.e.,jY[jD[wj]exp[—H2{R,Up,Wj,pj}] ~ 
exp [—H2 {R, Up, Wj, Pj}] , partition function becomes 

Z ^ f D[R] fUdUp fl[D [pj] exp [-H {R, u^, w], pj}] . (A-14) 

p=i j 

Here, w* is obtained by using = 0. Exphcitly, H2 {R, Up, w*, pj} is given by 
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To evaluate the functional integrals over p^'s, we use the well-known random phase ap- 
proximation, which amounts to the expansion Pj(r) = pj -\- 6pj{r), under the constraint 
J dv5pj{v) — 0. The constraint implies pj — rij/fl. Now, expressing H2 in powers of Spj{r) 
and retaining up to quadratic terms, the integrals over Spj{r) can be carried out analytically. 
The result is 
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where 



-InZo = Op,(lnp,-l) + ^ J (g,ln(l + ^). (A-17) 
Here, = AtiIb Ylij Z'jPj = '^t^Ib Ylij ZjTij/Q and F is the normalizing factor. Also, V{k, u' ) 



is given by 
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Z+p^{k)e^-'>''^'^-^'v + Z_p™(A;)e-°-^'^'^'''-"5'J . (A-18) 
Using this expression for V{k, uj,), the partition function becomes 

Z = TZo f D[R] I Jjrfupcxp [-ifo{R}-i^«,{R,Up,R',u;}-if;p{R,Up,R',u;}] 

p=i 

(A-19) 

where 
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To make some progress analytically, we use the multipole expansion for the function 
g-K|r-p|^|j, _ p| Using the vector Taylor expansion^ for an arbitrary function / 



(A-21) 



n.=0 



in the limit of |r| ^ |p| 

g-K|r-p| g-K|r| 



|r-p| 



+ A(p.r) - - [A(p.p) - 5(p.r)(p.r)] + 0(|p|^), 
r z 



where 





" 1 




K 






+ 


w 




' 3 










+ 


w 



(A-22) 

(A-23) 
(A-24) 

For the purely dipolar case, Z+ = — and this causes the monopole and the dipole terms 
to disappear when the multipole expansion (Eq. ( IA-221) ) is used in Eq. ( IA-201) . The lowest 
order term that survive is the quadrupole term, which is reponsible for the dipole-dipole 
interactions. Explicitly, 



H'^^ {R, u„ R', u;} = i| 1 rfr 1 dr'p„(r)p„(r') [A(p^.p'^) - B [p^.(r - r')] [p:,.(r - r')]] 
= ^ J dv j dr' j du J du pp{r,n)Wpp{v,u,v' ,u)pp{r' ,u), (A-25) 

where Pm = fdZ+eUp and p^ = rdZ+eu'p are the dipole moments of the zwitterionic side 
groups. Physically, this means that the charged moieties on the zwitterionic groups interact 
with each other by a screened dipole-dipole interaction potential given by 



S / II 

"^ppV-^ Prrt) r ) Pm 



i [A{p^.p'J - B [p„.(r - r')] [p:„.(r - r')]] , (A-26) 



where r is to be replaced by r — r' in expressions for A and B above. Furthermore, note 
that putting k = in the expressions for A and i?, well-known functional form the bare 
dipole-dipole interaction energy^S represented by Wppir, u, r', u') in Eq. ( lA-Sp can be readily 
derived. 

So far, we have carried out the integrations over the positions of the small ions in the 
partition function. Now, we need to carry out the integrations over the orientations of the 
dipoles attached to the segments (i.e, the integrals over Up in Eq. ( IA-191) ). In order to 
carry out these integrals, we assume that the strength of dipole-dipole interactions is weak 
and hence, the dipoles can rotate freely with respect to each other. For the freely rotating 
dipoles2^, integrals over Up in Eq. ( IA-19P can be carried out by expanding the exponential 
in powers of Up and (i.e., pm and p^) and exponentiating the series after carrying out 
the integrals. Expansion up to second degree terms give 
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where 



5 2 1 
C{x) = 1 + 2x + -x^ + -x^ + -x^. 

6 6b 



(A-28) 



This completes the treatment of the electrostatic terms in Eq. ( lA-ip . Now, consider the 
general case, where some of the counterions from the solution may adsorb on the zwitteri- 
onic monomers and a small dipole (of dipole moment p+ or p_ corresponding to positive or 
negative counterion adsorption, respectively ) is formed at the adsorption site. In this par- 
ticular situation, one has to take into account the distribution function of the adsorbed ions. 
However, the counterions may adsorb and desorb frequently as a result of the thermal fluc- 
tuations. In other words, on an average, the charge on the backbone is smeared rather than 
localized. Furthermore, one has to take into account the adsorption energy and the entropy 
of the distribution of the counterions among the zwitterionic sites on the chain. That's why 
we consider the so called "permuted" charge distribution^ so that the probability of finding 
a bare positive or negative charge on the polyzwitterionic chain is or a_, respectively. 
Dividing the whole population of small ions on the basis of "free" and "adsorbed" states, we 
rewrite the Hamiltonian with the probabilities of finding charges and dipoles on the chain. 
Now, carrying out the same analysis as presented above, it is found that the charge-charge 
and charge-dipole terms also survive in the partition function with suitable prefactors char- 
acterizing the weightage of different kinds of interactions (charge-charge, charge-dipole and 
dipole-dipole). These prefactors are given by Wcc,Wcd and Wdd in Eqs. ( [15]) - ( [T7]) for the 
charge- charge, charge-dipole and dipole-dipole interactions, respectively. Extra contribu- 
tions coming from the charge-dipole interactions require the evaluation of the integrals over 
the orientations of the dipoles given by 



Physically, the integrals involve the interactions between a charge Q (in terms of electronic 
charge) and a dipole of moment p. 

In writing Eq. ( [T2l) . we take the angular average of the short range part in the Hamilto- 
nian (i.e., iJ^) to define an excluded volume parameter w. Also, we add the repulsive ternary 
interactions characterized by z/ > to stabilize against the attractive binary interactions. 
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APPENDIX B : Uniform expansion model : effect of dipolar interactions 



Carrying out integrals over s, s' and k in Eqs. ( [H^ and 
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where b = Ak^NUi/Q = 4a. 

Unfortunately, analytical evaluations of the integrals over s and s' in the expressions 
for led and Idd are not possible for an arbitrary b. However, in the limiting cases for b, 
these integrals can be readily evaluated using the asymptotic expansion for the function 
exp (x) erfc (^/x). Consider the case of small b first. 

A. 6^0 



In this limit, the integrals can be carried out using the asymptotic expansion 

exp(x)erfc {Vx)^^^q = 1 + x — ^ ^ (B-3) 
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Assembling the pieces, expressions for I^d and I^d in the hmit of small b become 
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Taking the limit of 6 — > 0, Eqs. ( HUj) and ( HT]) have been obtained. 
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Using these integrals, expressions for I^d and Idd in the hmit of large b become 
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Taking the limit of 6 ^ 00, Eqs. ( HQ]) and ( HI]) have been obtained. 
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FIGURE CAPTIONS 



Fig. 1.: Cartoon of a polyzwitterionic chain modelled as a continuous curve of length Nl, 
I being the Kuhn segment length. An arc length variable s is used to represent any 
point along the curve. The polyzwitterionic sites on the side groups in a real chain 
are modelled as dipoles (each with dipole moment of p^) oriented at some angle to 
the continuous curve. 

Fig. 2.: Dependence of the asymmetry in the degree of counterion adsorption (= |q;_|_ — «_ |) 
on the specificity of the salt is demonstrated in this figure. Figures (a), (b) and (c) 
correspond to S+ — S- — 3.5; S+ — 3.5, 5_ = 2.0 and S+ — 3.5, S- — 7.0, respectively. 
These figures are obtained for = ImM, N = 1000, Nl^/Q = 0.001, p^/eZ = ra/l = 1, 
and p±/el — 0.1. 



FIG. 1: Cartoon of a polyzwitterionic chain modelled as a continuous curve of length Nl, I being 
the Kuhn segment length. An arc length variable s is used to represent any point along the curve. 
The polyzwitterionic sites on the side groups in a real chain are modelled as dipoles (each with 
dipole moment of p^) oriented at some angle to the continuous curve. 





FIG. 2: Dependence of the asymmetry in the degree of counterion adsorption (= — a_|) on 
the specificity of the salt is demonstrated in this figure. Figures (a), (b) and (c) correspond to 
(5+ = (5_ = 3.5; (5+ = 3.5, (5_ = 2.0 and (5+ = 3.5, 5_ = 7.0, respectively. These figures are obtained 
for Cs = lmM,N = WOO,Nl^/n = 0.001, p^/e/ = r^// = 1, and p±/el = 0.1. 



